An effective optimization strategy has been developed to construct highly accurate bound state wave functions in various three-body systems. Our procedure appears to be very effective for computations of weakly bound states and various excited states, including rotationally excited states, i.e. states with L ≥ 1. The efficiency of our procedure is illustrated by computations of the excited P * (L = 1)−states in the ddµ, dtµ and ttµ muonic molecular ions, P (L = 1)−states in the non-symmetric pdµ, ptµ and dtµ ions and 2 1 P (L = 1)− and 2 3 P (L = 1)−states in He atom(s).
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In this study we develop a new optimization strategy which is used to construct extremely accurate variational wave functions in arbitrary three-body systems. As follows from the results of numerical computations this procedure is a very effective method to determine highly accurate, bound state wave functions in various three-body atoms, ions, muonic ions, etc. It can be applied not only to ground states, but, in principle, to arbitrary excited states in three-body systems, including very weakly bound states, rotationally and vibrationally excited states, Rydberg states in atoms, etc. Our computational goal in this work is to determine the highly accurate solutions of the corresponding Schrödinger equation for the bound state spectra HΨ = EΨ, where E < 0, and H is the non-relativistic Hamiltonian of an arbitrary three-body system. In particular, for Coulomb three-body systems the Hamiltonain H takes the form 
where m 1 , m 2 , m 3 and q 1 , q 2 , q 3 are the particle masses and charges, respectively. Also, in this
is the reduced Planck constant, e is the electron's electric charge and m a is the mass of some elementary particle. Below, we shall use the following units:h = 1, e = −1 and m a = min(m 1 , m 2 , m 3 ) = 1. Such a choice of units corresponds to the atomic units in the case of atoms/ions, where m a = m e , and to the muon-atomic units in the case of muonic atoms/ions and muon-molecular ions, where m a = m µ . We shall not assume a priori that some particle masses are infinite.
In this work, all solutions of the Schrödinger equation are approximated with the use of a finite set of exponents which explicitly depend upon three relative coordinates r 32 , r 31 and r 21 . In the case of bound states with angular momentum L (L ≥ 1) this exponential ansatz is written in the form [1]
where r ij = r ji are the three relative coordinates, n 3i = r 3i r 3i = −n i3 and ℓ 1 + ℓ 2 = L (or in some cases ℓ 1 + ℓ 2 = L + 1, see below). The operatorP 21 in this equation is the permutation of the two identical (1 and 2) particles, e.g., electrons, muons, nuclei. The parameter κ equals zero for non-symmetric three-body systems, while for symmetric three-body systems LM (n 1 , n 2 ) are the bi-polar harmonics (see, e.g., [2] ). The quantity L is the total angular momentum of the considered bound state in the three-body system, while M is the magnetic quantum number. In the absence of an external magnetic field, all considered bound state properties, including the total energies, cannot depend upon the numerical value of M. Therefore, without loss of generality we will assume that M = 0 in Eq. (2) . The individual angular momenta ℓ 1 and ℓ 2 in Eq.(2) are integer, non-negative numbers and their sum equals L, since in this work we consider only bound states with natural (spatial) parity.
The variational expansion Eq.(2) and its various modifications (see, e.g., [1] , [3] ) are extensively used in bound state computations of many different three-body systems. Note that the first numerical computations to use the exponential variational expansion, Eq.(2), were performed in 1968 [4] by Delves and Kalotas for the ground S(L = 0)−state of the ppµ muonic molecular ion. Since that 1968 study [4] the overall efficiency of the exponential variational expansion Eq.(2) has been increased substantially. Currently, this expansion [1] , [3] is one of the most effective methods specifically designed for high precision variational calculations of the bound state spectra in arbitrary three-body systems. The very high efficiency of this expansion arises from the advanced optimization strategy used to chose the non-linear parameters in Eq. (2) . In general, such a strategy includes the two following stages: (1) construction of highly accurate "short-term" cluster wave function (so-called booster wave function) which includes N 0 ≈ 400 -600 exponential basis functions, and (2) optimization of the remaining part of the total wave function which includes N − N 0 ≥ 3000 exponential basis functions. Optimization of the non-linear parameters in the short-term wave function is performed very carefully and accurately. Analogous optimization of 28 non-linear parameters at the second step of our procedure [1] , [5] can be accurate only for relatively small dimensions N ≈ 800 − 1500. At larger dimensions any careful optimization of non-linear parameters in the total wave function takes a very long time. In [5] we have developed an approximate optimization method for these parameters which was based on a separation of these 28 non-linear parameters into three groups: fast, intermediate and slow In this study our main goal is to consider the rotationally excited bound states, i.e. states with L ≥ 1 in three-body systems with arbitrary masses of three particles. To compute these states to high numerical accuracy below we have developed a different idea of approximate optimization of the non-linear parameters at large and very large dimensions. This idea can be illustrated by considering only one non-linear parameter (of 28 such parameters [1] ), e.g., the A 2 parameter (all notations used here and below were defined in [1] ). In general, the optimal value of this parameter varies when the total number of basis functions increases. In other words, we have a A 2 (N) function, where N = N 0 + (N − N 0 ) is the total number of basis functions in Eq. (2). Here we consider the situation when the booster function with N 0 terms has been constructed already, and it does not change at the following steps. Suppose, for simplicity, that N 0 = 400 and at the second stage we need to perform optimization of 28 non-linear parameters by using wave functions with N = 800, 1000, 1200
and 1400 terms. After optimizations at each dimension we obtain four 'optimal' values for the A 2 parameter, i.e. A 2 (800), A 2 (1000), A 2 (1200) and A 2 (1400). As follows from the results of numerical calculations, the overall variations of the A 2 (N) values for N = 800, 1000, 1200 and 1400 are typically relatively small. Therefore, we can determine the approximate limit of the A 2 (N) function for N → ∞. The projected value A 2 , or A 2 (∞), can be used in actual calculations with large and very large number of basis functions. The same procedure is applied to the 27 remaining non-linear parameters used in our method as described in [1] , [5] . This gives us the approximate optimal values of all 28 non-linear
. . needed at the second stage of our method.
The overall accuracy achieved at the second stage of our procedure is even better than the approximate procedure in Ref. [5] can provide. Note that in this method we do not neglect any of the non-linear parameters (compare with the ignorance of 'slow' non-linear parameters in [5] ).
To demonstrate the efficiency of our new procedure for construction of highly accurate wave functions, let us consider its application to the weakly bound P * (L = 1)−states in the ddµ, dtµ and ttµ muonic molecular ions. Here the notation L designates the total angular momentum of the three-body system, while the asterisk '*' means that the wave function of this state equals zero for some configuration in relative coordinates r 32 , r 31 and r 21 . This classification scheme originated from the one-electron hydrogen atom. In the alternative system of (L, ν)-notations this state is designated as the (1,1)-state, where L = 1 means 'rotationally' excited state and ν = 1 means 'vibrationally' excited state. The alternative classification system for bound states in three-body systems originated from the two-center H + 2 ion which is a pure adiabatic (or Born-Oppenheimer [6] ) system. Despite some differences in these classification schemes one easily finds a uniform correspondence between the explicit notations used to designate the same bound states in three-body systems. It is well known that the bound P * (L = 1)−states in the ddµ and dtµ ions are extremely weakly bound. In general, a state can be considered as weakly bound if its binding energy is ≤ 1 % of its total energy [7] , [8] ; for the P * (L = 1)−state in the dtµ ion the binding energy is less than 0.01 % of its total energy. Highly accurate calculations of such states are very difficult to perform.
Note that each of the ddµ, dtµ and ttµ ions is a Coulomb three-body system with unit charges. The general theory of such systems was developed twenty years ago (see, e.g., [7] , [8] and references therein). In those works it was shown that the type of bound state spectra in an arbitrary a Furthermore, since the P * (L = 1)−state in the ddµ ion is weakly bound, then the analogous state in the dtµ ion is even more weakly bound. On the other hand, since m t > m d , then it is clear that the energy spectrum of the ttµ ion is completely different from those of the ddµ and dtµ ions. In particular, the bound state spectra of the ttµ ion contains six (not five!)
bound states and the P * (L = 1)−state of the ttµ ion is not weakly bound.
The results of numerical calculations of the P * (L = 1)−states in the ddµ, dtµ and ttµ muonic molecular ions can be found in where m e designates the electron mass. All computations are performed in muon-atomic units, where m µ = 1,h = 1 and e = 1. Note that our highly accurate computations in this study are performed with the use of 84 -104 decimal digits per computer word [11] , [12] . The total energies are determined to the accuracy ≈ 1·10 −20 −1·10 −23 m.a.u. (or a.u. for atoms).
For the purposes of reporting the results of our calculations in this paper, it was assumed that all particle masses and corresponding conversion factors (e.g., the factor Ry below) are exact. Such assumptions are always made in papers on highly accurate computations in few-body systems (see, e.g., [3] , [13] ). The known experimental uncertainties in particle masses and conversion factors can be taken into account at the last step of calculations, when the most accurate computation would simply be repeated with the use of particle masses and conversion factors of known or chosen acccuracy and the resulting energies reported to to an accuracy commensurate with the accuracy of these masses and conversion factors. A primary motivation for, and advantage of, calculating wave functions of very high accuracy is that relatively small energy differences between states in a given system or between systems can be reliably detected and and calculated, after which the requisite conversion factor can be applied and account taken of its accuracy.
As follows from Table I the total energies obtained for these states are significantly more accurate than analogous energies determined in earlier studies. The P * (L = 1)−states in the ddµ and dtµ ions are of great interest in some applications (see, e.g., [3] , [14] and references therein). The binding ε and total E energies of the P * (L = 1)−states in the ddµ and dtµ ions determined from the results shown in Table I are: are the total energies of the 6 ground states in the dµ and tµ muonic atoms, respectively. By performing such a recalculation from the total energy (expressed in m.a.u.) to the binding energy (expressed in eV ) we assume that the factor Ry is exact. Table II contains results of variational computations of the three P (L = 1)−states in the non-symmetric pdµ, ptµ and dtµ muonic molecular ions. These bound states are traditionally difficult for highly accurate computations. Nevertheless, by using our approach described above we have determined their total energies to very high accuracy, significantly exceeding numerical accuracy achieved in earlier calculations. The total energies of three bound P (L = 1)−states in the non-symmetric muonic molecular ions pdµ, ptµ and dtµ are now known with numerical uncertainties less than 1 · 10 −15 m.a.u. which is sufficient for all practically important problems which include these ions.
To confirm the efficiency of our method we have also calculated the rotationally excited 2 1 P (L = 1)− and 2 3 P (L = 1)−states in the ∞ He, 3 He and 4 He helium atoms. The total energies of these states in the ∞ He, 3 He and 4 He helium atoms have been computed in a number of earlier studies (see, e.g., [13] , [15] , [16] ). Our values of the total energies (in atomic unitsh = 1, m e = 1, e = 1) of these states can be found in Table III 
Note that our calculations of the 2 1 P (L = 1)− and 2 3 P (L = 1)-states of the helium atoms have been performed in atomic units. As follows from Table III our total energies determined for these two states in the helium atoms are substantially more accurate than the total energies known for these states from the literature.
In conclusion, the results of this study indicate that the exponential variational expansion in relative coordinates, Eq. (2), appears to be the most appropriate expansion for high precision variational calculations of the bound state spectra in non-relativistic three-body systems. For an arbitrary Coulomb three-body system (with arbitrary particle masses m 1 , m 2 , m 3 ) the approach based on Eq.(2) allows one to obtain extremely accurate (i.e.
essentially exact) numerical solutions for the ground and all excited states, including weakly bound states and Rydberg states in two-electron atoms [17] , [18] . The generalization of Eq.(2) to the case of adiabatic (or two-center) systems can be found in [19] . To provide a very high accuracy for the bound states in adiabatic systems, e.g., for H + 2 ion, the non-linear 7 parameters α i , β i , γ i in Eq.(2) must be complex, i.e. they must have non-zero imaginary parts. It is also important to note that numerical accuracy of such solutions can be made arbitrarily high, e.g., by using more advanced optimization strategies for actual non-nonlinear parameters. The highly accurate wave functions obtained in this study are needed to determine many bound state properties of muonic molecular ions to the accuracy which will be sufficient for current experimental capabilities. In particular, the knowledge of highly accurate variational wave functions is extremely important for weakly-bound P * (L = 1)−states in the dtµ and ddµ muonic molecular ions. In addition, there is a need for the prediction of the lowest order relativistic, QED, and mass corrections to the total non-relativistic energy in arbitrary three-body systems and the computational results for such corrections depend sensitively on the accuracy of the "zeroth-order" wave function. a The expected energies with estimated uncertainties.
b The best variational energies known from earlier calculations. a The expected energies with estimated uncertainties.
b The best variational energies known from earlier calculations. 
